We compute the full holonomy group of compact Lorentzian manifolds with parallel Weyl tensor, which are neither conformally flat nor locally symmetric, for the case where the fundamental group is contained in a distinguished subgroup G of the isometry group of the universal cover. To prove this, we show that every such compact Lorentzian manifold has to be geodesically complete. Moreover we characterize the identity component of the isometry group for this universal cover and show that G is up to a discrete factor contained in the latter. Concretely, we prove that the identity component of the isometry group is isomorphic to a semidirect product of a subgroup of SO(n) with the Heisenberg group.
Preliminaries
We consider Lorentzian manifolds 1 (M n , g) with essentially parallel Weyl tensor 2 W , i. e. which are neither conformally flat (W = 0) nor locally symmetric (∇R = 0), where we may assume n ≥ 4.
3
This class of manifolds was mainly studied by Derdziński and Roter in [DR09, DR08, DR10] among others. Admitting a parallel tensor these manifolds need to have special holonomy by the holonomy principle, where we define the holonomy group as follows.
Definition 1. For any semi-Riemannian manifold (M n , g) and each x ∈ M we denote with
the holonomy group of (M n , g) in
x ∈ M and with Hol 0
the reduced holonomy group of (M n , g) in x ∈ M . Here, P g γ denotes the parallel displacement along γ belonging to the metric g and Ω(x) denotes the set of piecewise smooth curves closed in x ∈ M and Ω 0 (x) the subset of curves in Ω(x) which are null-homotopic.
Since every pseudo-Riemannian manifold with parallel Weyl tensor admits a totally-isotropic parallel distribution D, usually referred to as Olszak distribution, their holonomy representation leaves D invariant. This in turn restricts the holonomy of such a manifold. For instance in the Lorentzian case one especially has Hol(M n , g) ⊂ (R * × O(n − 2)) R n−2 .
Using classification theorems of Derdziński and Roter in [DR08] and a result from [CFS03] we prove the following.
Theorem. The universal covering ( M , g) of a compact Lorentzian manifold (M n , g) with essentially parallel Weyl tensor is isometric to (R n , g) for a certain complete pp-wave metric g. 4 In particular, (M n , g) must be itself complete.
Using results of [DR10] and ideas in [BLL12] 5 this yields the following main theorem concerning the full holonomy group of compact Lorentzian manifolds (M n , g) with parallel Weyl tensor, whose fundamental group is contained in a certain (2n − 3)-dimensional Lie subgroup G of the isometry group Isom( M , g) which turns out be isomorphic to Z He(n − 2):
Theorem. Let (M n , g) be a compact Lorentzian manifold with essentially parallel Weyl tensor.
Then the reduced holonomy group of (M n , g) is equal to R n−2 . If, moreover, the fundamental group π 1 (M ) is contained in Z He(n − 2) ⊂ Isom( M , g) then even Hol(M n , g) = R n−2 .
We point out that the dimensions 3j + 2 with j ≥ 1 are up to now the only one in which compact pseudo-Riemannian manifolds with parallel Weyl tensor are known to exist, cf. [DR10] . Away from this restriction, the question that arises is, how restrictive the assumption π 1 (M ) ⊂ G is. More specifically one could ask, how much larger the full isometry group of ( M , g) can be. Using results of [DR08] and [BO03] we will provide a step towards this question by characterizing the identity component of the full isometry group as being isomorphic to S exp He(n − 2) for a certain Lie subgroup S of SO(n − 2). To establish this result we prove in particular that the Lie group G mentioned above is isomorphic to Z He(n − 2). This paper is structured as follows. In Section 2 we present some facts about manifolds with essentially parallel Weyl tensor along with the asserted theorem yielding the characterization in the compact Lorentzian case. Section 3 is then devoted to the computation of the holonomy group and a brief presentation of some results of [DR10] which are necessary to present the secondly stated theorem. Finally, Section 4 presents the stated result about the isometry group of the Lorentzian manifolds ( M , g) with essentially parallel Weyl tensor, occurring as the universal cover as above. Weyl tensor and dim D = 1. Then, every x ∈ M n has a connected neighborhood isometric to an open subset of a manifold
On Lorentzian Manifolds with parallel Weyl tensor
Since the Olszak distribution of a Lorentzian manifold with parallel Weyl tensor is always one-dimensional if the manifold is not conformally flat, we may ask, if the manifolds described in the preceding theorem have additional properties. As it turns out, this is indeed the case as the following theorem proves.
Theorem 2. The simply-connected Lorentzian manifolds (R 2 × V, g) with the metric g = κdt 2 + dtds + Θ defined in Theorem 1 are all geodesically complete.
Proof. We use a result of [CFS03] by which the completeness is the case if and only if the maximal solutions s −→ x(s) ∈ V of the differential equation
are defined on the whole R. If we choose an orthonormal basis v 1 , . . . , v n−2 ∈ V of eigenvectors for the self-adjoint operator A ∈ End(V ), i. e. Av i = λ i v i , i = 1, . . . , n − 2, then one computes by the definition of the function κ :
and hence (2) turns into the system of ODEs
A solution s −→ x(s) to such a system is always defined for all s ∈ R, see also the remarks following [CFS03, Corollary 3.4] and this finishes the proof.
An obvious consequence of Theorem 2 is that every Lorentzian manifold with essentially parallel Weyl tensor which has a manifold (R 2 × V, g) as universal covering, must be itself complete. As it turns out, this is always the case, when (M n , g) is compact 6 :
Theorem 3. Let (M n , g) be a compact Lorentzian manifold with essentially parallel Weyl tensor.
Then the universal cover M , endowed with the induced metric, is isometric to a manifold
where V is a real vector space of dimension n − 2 with an Euklidean inner product ·, · . Furthermore, t and s denote the Cartesian coordinates on the R 2 factor, Θ := π * ·, · for π :
periodic C ∞ -function and A ∈ End(V ) is a nonzero traceless operator, self-adjoint relative to ·, · .
Before we prove this assertion, we need to cite some results of Derdziński in [DR08] . First we need to introduce a class of manifolds on whose universal cover a one-dimensional factor splits up.
Definition 2. We say that a manifold M satisfies the t-property if its universal covering M admits a smooth function t : M −→ R such that there exists a manifold N and a diffeomorphism ψ : M −→ R × N with the property
whereby pr 1 is the projection of R × N onto R. 6 If one assumes that all leaves of D ⊥ are complete, this result was already mentioned in [DR08] by Derdziński and Roter but without completely proving it. Although this proof is not difficult, the fact that the leaves are always complete motivated us to present the complete proof here.
With the aid of this definition, Derdziński proved the following results. The final lemma we use is the following which gives a sufficient condition for a manifold M having the t-property. Proof. This proof was motivated by [PZ10] . Taking the global section T ∈ Γ(D), we may define Z ∈ X(M ) to be the vector field with g(T, Z) = 1 and g(Z, Z) = 0. Let S := span{T, Z} ⊥g ⊂ T M denote the orthogonal subbundle (usually referred to as the screen bundle). We then define by
a Riemannian metric on M . We now assert that ∇ g T X ∈ Γ(S) for all X ∈ Γ(S) which indeed is a consequence of Theorem 1. Namely, let x ∈ M be arbitrary and (U, ϕ) a chart around x ∈ M s. t. (U, g| U ) is isometric to an open subset of the manifold (I ×R×V, g) with g = dtds+κdt 2 + n−2 i=1 dx 2 i , occurring in Theorem 1 with t resp. s denoting the coordinates on I ⊂ R resp. R and x 1 , . . . , x n−2 the coordinates on V . Denoting with F :
7 Of course, although these results are difficult to prove we cite them as lemmata here for a better understanding of the context. 
where
is always complete, which is a well-known fact of foliation theory, see [Con08] for example. As
We can now prove Theorem 3.
Proof of Theorem 3. By Lemma 2, we may obtain a global parallel section T ∈ Γ(D), spanning D, if D is orientable. Otherwise, denoting by Or(D x ) := {±O Dx } the set of the two possible orientations in x ∈ M , we may pass to the two-fold covering manifold M := x∈M Or(D x ), which is then orientable and connected, as D where assumed to be non-orientable. Furthermore, M is compact, since the compact manifold M is finitely covered by M . Hence, if D is non-orientable, we can pass to the two-fold covering M and as it is connected, it must be covered by the universal covering manifold M as well. Consequently, we may assume w. l. o. g. that D is spanned by a global parallel section T ∈ Γ(D) (by passing to the two-fold covering M , if necessary).
Step 1 Step 2: M satisfies the t-property. Let φ : M −→ M denote the universal covering map of M . Our aim is to apply Lemma 1 on the universal covering ( M , g) of M , whereby g := φ * g.
Denote by D ⊂ T M and D ⊂ T M the the Olszak distributions on M and M , respectively. Since the totally-geodesic leaves of D ⊥ are complete, so are the leaves of D ⊥ as φ is a local isometry. We do now want to apply Lemma 3 in order to obtain that M satisfies the tproperty. Thus, the global parallel section in Lemma 1 has to be a pullback of a parallel vector field on M , spanning D. Taking the global parallel section T ∈ Γ(D), we define by
a smooth section, which is parallel, as so is T . Indeed, taking an arbitrary path γ : [0, 1] −→ M with γ(0) = x 0 , we obtain the formula
since φ is a local isometry. Hence,
where (!) holds by parallelity of T . Of course, T ∈ Γ( D) then is a gradient field, such that there exists a smooth function t : M −→ R with dt = g( T , ·) = φ * g(T, ·), where the last equality is easily verfied: For x ∈ M and v ∈ T x M , we obtain
Thus, by setting ξ := g(T, ·) ∈ Ω 1 (M ), we obtain a nowhere vanishing 1-form on M , satisfying dt = φ * ξ. Finally, since M (or, if necessary M ) is compact, we can apply Lemma 3 and obtain a diffeomorphism ψ : M → R × N , whereby t : M −→ R coincides with the projection pr 1 : R × N −→ R, so that M satisfies the t-property.
Therefore, M , endowed with the pullback metric of g, is a simply connected Lorentzian manifold which satisfies the t-property and whose leaves of the orthogonal complement of the Olszak distribution are all complete. Consequently, applying Lemma 1 completes the proof.
This yields the following corollary which will enable us to compute the full holonomy group of compact Lorentzian manifolds (M n , g) with essentially parallel Weyl tensor whose fundamental group π 1 (M ) is assumed to be contained in a special subgroup of Isom( M , g), see Section 3.
Corollary 1. Every compact Lorentzian manifold (M n , g) with essentially parallel Weyl tensor is isometric to a manifold M /Γ, where Γ = π 1 (M ) and ( M , g) is isometric to a manifold occurring in Theorem 3. In particular, (M n , g) is geodesically complete due to Theorem 2.
On the Full Holonomy Group
The aim of this section is to compute the full holonomy group of certain compact Lorentzian manifolds (M n , g) with essentially parallel Weyl tensor. Due to Theorem 3 such a manifold is isometric to a quotient M /Γ where ( M , g) = (R 2 × V, dtds + κdt 2 + Θ) is the Lorentzian universal covering manifold of M . If we consider the Lorentzian universal covering map
the idea is now to use the following lemma in order to compute the full holonomy group of the manifold M /Γ M where we require π 1 (M ) to be contained in a special subgroup G ⊂ Isom( M , g) (see below).
) be a semi-Riemannian covering map. If γ is a lift of a loop γ : [0, 1] −→ M and P g γ resp. P g γ denote the parallel displacements along γ resp. γ, then it holds
Using this together with the fact that the map
is a surjection (cf. [Bes87, 10.15]), we can compute the full holonomy group Hol p (M, g). However, for concrete calculations we need to know how the subgroups π 1 (M ) = Γ ⊂ Isom( M , g), producing a compact Lorentzian quotient manifold with essentially parallel Weyl tensor, look like. This is, were the restriction onto the fundamental group of M comes into play. Namely, Derdziński investigated in [DR10] discrete subgroups Γ ⊂ G ⊂ Isom( M , g) for a certain group of isometries G that produce compact quotients. Note that these examples are also complete by Theorem 2 and thus fit into our setting. We use their explicit characterization (cf. [DR10, Theorem 6.1]) of such groups Γ in order to compute the full holonomy group Hol(M, g) for those manifolds with π 1 (M ) = Γ ⊂ G. This is done by the above-mentioned observations together with noting that we are already aware of the reduced holonomy group Hol 0 (M, g) since this is isomorphic to the full holonomy group Hol( M , g) of the universal cover, cf. [Bau09, Theorem 5.4]. In [Bau09, Example 5.5] there is also shown that for ( M n , g) = (R 2 × V, dtds + κdt 2 + Θ) we have
since (V, ·, · ) is flat. Thus we have just proven the following.
Lemma 6. Let (M n , g) be a compact Lorentzian manifold with essentially parallel Weyl tensor.
Then the reduced holonomy group is given by Hol 0 (M n , g) = R n−2 .
Before we proceed to compute the holonomy group Hol p (M, g) let us briefly explain the construction of Derdziński. For a complete description we refer the reader to the original paper [DR10] . As already mentioned, Derdziński considered suitable discrete subgroups Γ ⊂ G ⊂ Isom( M , g) which produce compact quotient manifolds M /Γ with essentially parallel Weyl tensor. Namely, the subgroup G ⊂ Isom( M , g) is therein defined as follows.
Let f, A, V and ·, · denote the objects occurring in the classification theorem (Theorem 3).
8
Given the solution space
the non-degenerate skew-symmetric bilinear form
which is constant for all t ∈ R since A ∈ End(V ) is self-adjoint relative to ·, · , and the linear isomorphism T : E −→ E with (T u)(t) := u(t − p) (where p ∈ R denotes the period of f ∈ C ∞ (R)),
with g 1 · g 2 for g i := (k i , x i , u i ) defined through the formula
For g = (k, x, u) and m = (t, s, v) ∈ M = R × R × V , the action of G on M then is given through g · m := (t + kp, s + x − u(t), 2v + u(t) , v + u(t)).
One easily verifies that each F g : m ∈ M −→ g · m ∈ M is an isometry for the metrics defined in Theorem 3, i. e. G ⊂ Isom( M , g) as desired.
As the non-degenerate skew-symmetric bilinear form Ω ∈ Λ 2 E * is constant, the pair (E, Ω) defines a symplectic vector space of dimension 2(n − 2). To every such vector space we can associate a Heisenberg group He(E, Ω), cf. [Til70, Section I.3], if we endow He(E, Ω) := R × E with the group structure g 1 g 2 := (t 1 + t 2 + Ω(u 1 , u 2 ), u 1 + u 2 ) for g i = (t i , u i ). By fixing a Darboux basis in E, this group is isomorphic the canonical Heisenberg group He(n − 2) which in matrix representation is defined as
8 Note that in [DR10] , f ∈ C ∞ (R) is assumed to be periodic of period p. This subtlety is however no restriction here as this is for the Lorentzian case due to [DR08, Remark 5.1].
Moreover, we define for Using this, we can describe G and Γ more explicitly in terms of the groups Z, Σ and He(n − 2). Namely, since Z is a free group and φ : (t, u) ∈ R × E ∼ = {0} × R × E ⊂ G −→ (−t, u) ∈ He(E, Ω) is a Lie group isomorphism, the short exact sequences
split. Thus, G ∼ = Z He(n − 2) resp. Γ ∼ = Z Σ by which we obtain the following lemma.
Lemma 7. For G and Σ as above it holds:
We are now in the position to state the main theorem which describes the full holonomy group of compact Lorentzian manifolds with essentially parallel Weyl tensor whose fundamental group is contained in G. Then the reduced holonomy group of (M n , g) is equal to R n−2 . If, moreover, the fundamental group
) of the isometry group of the universal cover ( M , g), cf. (10), then it holds
for the full holonomy group of (M n , g).
Proof. Let us denote the epimorphism (8) by Φ and consider the short exact sequence
) is the isomorphism induced by the group homomorphism theorem. If we assume that the quotient group H := π 1 (M )/ ker Φ is free, the sequence (16) splits, whence we obtain Hol(M, g) ∼ = H Hol 0 (M, g). The idea now is to calculate the parallel transport P g γ along the generators of [γ] ∈ π 1 (M ) = Γ ∼ = Z Σ using Lemma 5 and to study, in which cases they produce non-trivial elements in Hol(M, g)/ Hol 0 (M, g).
We proceed to construct such generators for each σ ∈ Γ. For every σ ∈ Γ ∼ = Z Σ with σ = (k, σ Σ ) = (k, (r, w)), k ∈ Z, (r, w) ∈ Σ, we define by Following the notations in Theorem 3 (with
we obtain for the Levi-Civita connection ∇ of g that
are the only non-vanishing terms. Therefore, ∂ s , ∂ i and ∂ t − κ∂ s are parallel along every γ σΣ . In particular, they are also parallel along every γ k as the derivatives ∂ i (κ) and ∂ t (κ) vanish when evaluated in the points γ k (t) for all t ∈ R. Hence, we can compute the parallel transports along the curves γ σΣ and γ k using Lemma 5 easily. Let us fix the basis
in T π(0,0,0) M . As ∂ s and ∂ i are parallel along γ σΣ we obtain
As ∂ t − κ∂ s is parallel along γ σΣ too, we obtain after an easy computation that
where Ξ 1 and Ξ 2 denote the maps
Therefore, on the one hand, the only non-trivial parallel transports along γ σΣ with σ Σ = (r, w) are, written in the basis (19),
with w = 0 but on the other hand we have that P
If we consider the parallel transports along the curves γ k , we obtain by the same computations that P
We thus infer ker Φ = Γ and if we set p = π(0, 0, 0) this yields
With respect to the argumentations at the beginning this proves the theorem.
On the Isometry Group
The aim of this section is to study how "strong" the restriction on the fundamental group made in Theorem 4 is. Indeed, if we still denote with ( M n , g) the manifold (R 2 × V, dtds + κdt 2 + Θ) as in Theorem 3, the fact that the group R × E as subgroup of Isom( M n , g) is isomorphic to the (n − 2)-dimensional Heisenberg group He(n − 2), cf. Lemma 7 in Section 3, is not surprising. Namely, Blau et al. [BO03] proved that for pp-wave metrics with
) is equal to the Lie algebra he(n − 2) of He(n − 2) if K does not fulfill special properties. As He(n − 2) is simply-connected we infer for this case that Isom
Therefore the restriction on the fundamental group π 1 (M ) = Γ made in Theorem 4 turns out to be equivalent to requiring that π 1 (M ) is contained in Z Isom 0 ( M n , g). However, if the smooth function κ ∈ R 2 × V −→ R has additional properties, the identity component Isom 0 ( M n , g) might be larger. The present section should now give a complete answer to the question, how the identity component Isom 0 ( M n , g) could look like. In particular we will see that the dimension d (as manifold)
of Isom 0 ( M n , g) (and consequently of Isom( M n , g)) can be pretty large, i. e. we will prove that for
− (2n − 3). We begin with the asserted description of Isom 0 ( M n , g). has at least one eigenspace of dimension greater than one.
Proof. In [BO03, Section 2.3] it is shown that there always exist 2n − 3 distinct Killing vector fields E 1 , . . . , E n−2 , E * 1 , . . . , E * n−2 , Z for g which span he(n − 2). Note that in our notation the matrix A(x + ) in [BO03] equals (f (t) + λ i )δ ij where λ i , i = 1, . . . , n − 2, denote the eigenvalues of A ∈ End(V ). Indeed, choosing an orthonormal frame in V consisting of eigenvectors (v 1 , . . . , v n−2 ) and
Concretely, these Killing vector fields E 1 , . . . , E n−2 , E * 1 , . . . , E * n−2 , Z are given through
where (ξ 1 , . . . , ξ n−2 , ξ * 1 , . . . , ξ * n−2 ) is the basis of E with ξ i,
However, there may exist additional Killing vector fields. Namely, this occurs in three distinct cases. The first case produces one additional Killing vector, iff the matrix K(t) := (f (t) + λ i )δ ij is degenerate for all t ∈ R which in our case obviously cannot occur as f ∈ C ∞ (R) is non-constant.
Next, the authors of [BO03] determine those cases in which they get additional Killing vector fields with ∂ t -component (which they refer to as homogeneous pp-waves). As it turns out, these require
for skew-symmetric F and symmetric D 0 . But in our case, D(t) cannot be of this form since trace K(t) = trace(f (t) + λ i )δ ij = (n − 2)f (t) but trace D(t) = trace D 0 ≡ const or trace D(t) = 1 t 2 · const while f must be periodic.
The remaining case in which additional Killing vector fields can occur is the following. Considering for F ∈ so(n − 2) the equation
it is proven in [BO03] that each such F generates an additional Killing vector field
Writing down (23) componentwise one sees that F ij = 0 requires λ i = λ j for the eigenvalues λ i , λ j ∈ R of A. Thus, non-trivial solutions of (23) occur if and only if A ∈ End(V ) has at least one eigenspace of dimension greater than one. Taking into account the generated Killing fields (24) we obtain for each such F ∈ so(n − 2) solving (23) a one-parameter subgroup of SO(n − 2). Namely, the integral curves γ
with γ(0) = x whose solution if given through γ(t) = exp(t · F ) · x defined on the whole real line. Thus every Killing vector field X F gives rise to a one-parameter subgroup {Φ
Indeed, every exp(τ F ) ∈ SO(n−2) commutes with A as can be seen by differentiating the equation (which holds since AF = F A)
in s = 0. Therefore, κ • Φ τ = κ and each Φ τ is an isometry for g. The one-parameter groups now generate the Lie group S stated in the theorem. Taking account into the commutator relations of elements in he(n − 2) with elements in s, namely
cf. (20) - (22) and (24), and considering the homomorphism π : S −→ Aut(He(n − 2)) defined through
this yields Isom 0 ( M , g) ∼ = S π He(n − 2). Finally, note that the first set of Killing vector fields treated as elements of he(n − 2) are precisely those vector fields with coefficients ξ i,k ∈ C ∞ (R) s. t. ξ i = (ξ i,1 , . . . , ξ i,n−2 ) ∈ E. As solutions ξ ∈ E and the additional flows Φ τ as above are all defined on the whole real line this in particular shows that kill( M , g) ∼ = kill c ( M , g) with kill c ( M , g) denoting the Lie subalgebra consisting of complete Killing vector fields. As kill c is the Lie algebra corresponding to Isom 0 ( M , g) this completes the proof.
Let us give an explicit example with n = 5 for which we can explicitly compute the Lie group S occurring in Theorem 5. As it turns out, this example is a special case in n = 5 for the subsequent corollary on the maximal dimension of Isom 0 ( M n , g). Indeed, if we generalize the preceding example, we may state the following corollary from Theorem 5.
Corollary 2. Let dim V = n − 2 and A ∈ End(V ) be a traceless self-adjoint operator such that V = E 1 ⊕ E 2 is a splitting of V , where E 1 , E 2 are the eigenspaces of A such that dim E 1 = n − 3, dim E 2 = 1. Moreover, let ( M n , g) be constructed as in Theorem 3 using this operator A. Then
) is a Lie subgroup of the full isometry group of dimension n(n+1) 2 − (2n − 3).
Proof. The only restriction in the choice of an F ∈ so(n − 2) satisfying (23) is given through the distinct eigenvalues for the two eigenspaces of A, i. e. F : V = E 1 ⊕ E 2 −→ E 1 ⊕ E 2 has to leave the eigenspaces invariant. As F is skew-adjoint and dim E 1 = 1 we obtain for the Lie algebra s := span{F ∈ so(n − 2) | [A, F ] = 0} that dim s = dim so(n − 3) = This completes the proof.
Remark 1. We point out that such self-adjoint operators A ∈ End(V ) whose two eigenspaces yield a decomposition V = E 1 ⊕ E 2 with dim E 2 = 1 do not occur in the explicit constructions in [DR10] for those Γ ⊂ G in [DR10] producing a compact Lorentzian quotient manifold M /Γ in dimensions n = 3j + 2 with j > 1. Hence it is unclear if such A ∈ End(V ) can occur in some isometric identification ( M /Γ, π * g) (M n , g) discussed in Section 2 for n > 5.
More precisely, the examples in [DR10] contain operators A ∈ End(V ) with at most three distinct eigenvalues λ 1 , λ 2 , λ 3 ∈ R with dim E 1 = dim E 2 = dim E 3 = n−2 3 . Hence, choosing λ 1 = λ 2 = λ 3 , we can construct by Corollary 2 complete, compact Lorentzian manifolds with essentially parallel Weyl tensor whose full isometry group has dimension at least n(n+1) 2 − (2 · ( n−2
3 ) 2 + n).
Proof. Choosing λ 1 = λ 2 = λ 3 , the required F ∈ so(n − 2) has to commute with the operator A, whence F (E 1 ⊕ E 2 ) = E 1 ⊕ E 2 and F (E 3 ) = E 3 . Thus it holds dim isom( M n , g) = dim he(n−2)+dim s = (2n−3)+dim so(j)+so(2j) = (6j+1)+ 3 ) 2 + n this completes the proof.
